Wolfgang Lenzen
THE LOGIC OF‘IS PROBABLE’

Probability theory has mainly been concerned with the study eiftgrantitative (metric) or
of comparative probability concepts. Although the latter arenaféerred to asqualitative
probability’, genuinely qualitative (classificatory) probabiltgncepts do not seem to have
received much attention. The only exception known to me is Gardenfbysidere the logic
of ‘is maximally probable’ is investigated. This paper deals wikksa exclusive modality,
namely with the concept of being probable in the sense of being more probable than not.
If > denotes the two-place sentential operdtoat least as probable as’, then the logic
of comparative probability may be obtained by adding to the propositai@allus (PC) the

following set of axioms and deduction rules (d}), where

(p>0) =4 (a2 p);

(P~ =a(pz0) U(a=zp);
T =4t (p0-p);

O=gi~T

21l: (P=a)~T)O((r=9) ~T) O ((p2r)=(@=29)

22: p=U

23:  (p=zq)0(@=p)

Rel: p |—(p~T)

R>2: pr,..opmE Qs Om — (P12 ) 0.0 (Pm-12 Gme1) O (G = Prm)

The symbol'E’ in R=2 refers to Segerberg’s relation of strict equivalence[4¢f, and the
antecedent of this rule roughly says that for logical reasoastlg as many sentences from
{p1,-.-,pm} Must be true as sentences from,{..,qm}-

Within the language of, one may define both a strong and a weak classificatory

concept of being probable by
Def. 1 a) P=s(p~T)
b) Bp =at(p>-p).
The logic of> then induces a logic of C which turns out to be isomorphic to Lenmamon’

alethic modal calculus D (cf1], p. 183). Now, interestingly, the logic of the weaker concept

B may also be completely axiomatized. The following set of principles daddeC) will do:
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Bl: BpO-B-p
B2: BT

RB1: pdq |—BpOBq

RB2: pi,....om E Q1,...,0m |— Bpi(hB-p,...[hB-py, O (BauO...(BQm).

To show the adequacy of this system, we first nedRb@esentation theorem for weak

classificatory probability structures (WCPS):

A WCPS is a structuréS, ®), where S is a finite, non-empty set addis a set of

subsets of S satisfying the following conditions:

a) S1o;

b) If XOb, then X Ob;

C) If XOY and XO®, then YOO;

d) For every mIN (m>1) and for all subsetsiX..,Xm, Y1,...,Ynm Of S: If for every
SUS: Zi<iem XiN(S) =Z1<i<m YiN(S) (Where X is the characteristic function of the
set X), then XO® and X ,0¢ and ... andX O entails that YOO or ... or
Y m®.

THEOREM
If (S, ®) is a WCPS then there exists (at least one) probability measure P on the
power set of Ssuch that P(X)> ¥ iff XO®.
A proof of this representation theorem is giver[3h appendix to section 6.4. Section 6.4
itself contains a derived proof that the above-stated B-logic PC+{B1, B2, RB2} is sound
and complete with respect to the subsequent semantics which isdnidydgardenfors’s

definition (1], p. 176) of a probability model far

Def.2 A probabilistic B-model is a structu¢g, P, V), where

a) U is a non-empty set (of worlds);

b) P is a function which assigns to evefylia probability measure,@n the
powerset of U;

c) Vis atwo-place valuation function which assigns to evéfy and every
sentence a truth-valud orf such that
1) V(u,=-p) =t iff V(u,p) =f;
2) V(u,pOq) =f iff V(u, p) =t but V(u,q) =f;
3) V(u, Bp) =t iff Py([p])>1/2, wherdp]=qg:{u": V(U", p) =t}.



If the probability conceptg, C and B are interpreted subjectively, it will be quite natwral t

consider also iterated probability statements. Gardenfors’s akipnp(181):

24: (p20q) = ((p2q) ~T) O~ (p=0q) = ((p=0) ~ 0)
in conjunction with Def.1 entails the following principles for the logi¢i®fprobable’

B3: Bp O BBp
B4: -BpOB-Bp
B5: B(Bp O q) O (Bp O Bqg).

Since under a subjective reading=fBp appears to be analytically equivalent to believing
that p, {B1-B5, RB1, RB2} may be considered awgic of belief. In [3] it has been shown
that this logic is sound and complete with respect to universal Bisyoge probabilistic B-
models for which =Py, for every u,u1U.

On the other hand,iG- subjectively interpreted — says that someone is (compkaiety
of, or) convinced thap. Since the C-logic induced bg{->4, R>1, R>2} has been shown to
be isomorphic to Lemmon’s alethic modal calculus DE4 [@f), we have two interesting
systems of doxastic logic: DE4 as the logic of conviction and {B1HESl, RB2} as a logic
of belief. To conclude, | wish to point out that a unified system of dicxbxjic may be

obtained by adding to PC the following set of principles:

D1. o UBp
B1l: BpU-B-p
C2: Cplqg) O CpCq
B2*: B(plg) O BpBq
D2: Cpy,....omE qu,...,0m) O (- B-p1[-Bgi O Cpys O C~a) ... (- B prm-1[ Bgm-
10 Cpm-1 0 C-m-1) O (Bpm 1 Bam) LI (Cpm O Cam))
D3: Bp O CBp
D4: -BpUC-Bp
C3: QUCO
C4: -CpC-Cp
RC: p |—Cp
Again, a completeness proof may be founfBin Furthermore, this system could even been

shown to be decidable.
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